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Introduction 


The crossed products of algebras with Hopf algebras were independently introduced in 
and . Blattner and Montgomery showed in that a crossed product with invertible 
2-cocycle is a cleft extension. In particular, crossed products provide examples of Hopf- 
Galois extensions. Conversely, a Hopf-Galois extension with normal basis property is a 
crossed product, see [^. In the paper 241, the authors gave the necessary and sufficient 
conditions for a crossed product to form a bialgebra, even a Hopf algebra, which is a more 
general structure than the Radford biproduct. 

Algebraic deformation has been well developed recently, and its theory has been applied 
in modules of quantum phenomena, as well as in analysis of complex systems. Hom-type 
algebras appeared first in physical contexts, in connection with twisted, discretized or 
deformed derivatives and corresponding generalizations, discretizations and deformations 
of vector fields and differential calculus (see [l|, 0, Is - 12 , 16 1), and has been introduced in 
the form of Horn-Lie algebras in (l^ . where the Jacobi identity was twisted al ong a linear 
endomorphism. Meanwhile, Horn-associative algebras have been suggested in 2l| to give 
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rise to a Horn-Lie algebra using the commutator bracket. Other Horn-type structures such 
as Hom-coalgebras, Hom-bialgebras, Hom-Hopf algebras and their properties have been 
considered in 


22 


25l |. The authors (l9| introduced Hom-analogues of twisted tensor prod¬ 


uct and smash product by twisting principle, and in [l^ the Hom-type smash coproduct 
and Majid bicrossproduct was constructed. 

Let H he a Hopf algebra. A left 2-cocycle a : H ® H ^ k is called lazy if it satisfies 
the condition 


(y{hi,gi)h2g2 = 

for all h,g G H. This kind of cocycles were used in Q| to compare the Brauer groups 
of Sweedler’s Hopf algebra with respect to the different quasitriangular structures. Lazy 
2-cocycle has been recently developed in which mainly stated that the set 
of all normalized and convolution invertible lazy 2-cocycles on H form a group and de¬ 
fined the second lazy cohomology group H^{H) = /B\{H), where B\{H) is lazy 

2-coboundary. This group generalizes the second Sweedler cohomology group of a cocom- 
mutative Hopf algebra. Moreover the group could be imbedded as a subgroup into 

Bigal{H), the group of Bigalois objects of H. 

Motivated by these ideas, in this paper, firstly we will construct the Horn-crossed 
product, and prove the equivalence between crossed products and cleft extensions. Then 
we will give the necessary and sufficient conditions for a crossed product to form a Hom- 
Hopf algebra. Finally we will establish the lazy 2-cocycle in the setting of Hom-Hopf 
algebra. 

This paper is organized as follows; 

In section 1, we will recall the basic definitions and results on Hom-Hopf algebra, such 
as Hom-module, Hom-comodule, Hom-smash product and Hom-smash coproduct. 

In section 2, we will construct the Horn-crossed product, and prove the equivalence 
between crossed products and cleft extensions (see Theorem 2.10). 

In section 3, We will give the necessary and sufficient conditions for a crossed product 
to form a Hom-Hopf algebra (see Proposition 3.2 and 3.5). 

In section 4, we will define the Hom-type lazy 2-cocycle and prove that all normalized 
and convolution invertible lazy 2-cocycles form a group Then we will extend this 

kind of 2-cocycle to Drinfeld double and Radford biproduct. In the end we will use the 
lazy 2-cocycle to construct the duals of the objects in the more general Yetter-Drinfeld 
category (see Proposition 4.11). 

Throughout this article, all the vector spaces, tensor product and homomorphisms 
are over a fixed field k unless otherwise stated. We use the Sweedler’s notation for the 
terminologies on coalgebras. For a coalgebra C, we write comultiplication A(c) = ^ ci®C 2 
for any c £ C. 
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1 Preliminary 


In this section, we will recall the definitions in 20j on Hom-Hopf algebras, Hom- 
modules and Hom-comodules. 

A unital Horn-associative algebra is a triple (A, /r, a) where a : A —> A and // : 
A® A —)• A are linear maps, with notation /r(a ®b) = ab such that for any a,b,c £ A, 


a{ab) = a{a)a{b), a(lA) = ^A, 

Iao, = a{a) = oIa, a{a){bc) = {ab)a{c). 


A linear map / : {A, fiAi 0 (a) — > {B, ij.B,aB) is called a morphism of Horn-associative 
algebra if as o / = / o oa, /(1a) = Is and f o fiA = fJ-B o {f /)• 

A counital Hom-coassociative coalgebra is a triple (C, A,e, a) where a : C —> C, 
e : C —> k, and A : C —)> C ® C are linear maps such that 


e o a = e, (a (8) a) o A = A o a, 

(e 0 id) o A = a = (id 0 e) o A, 

(A 0 a) o A = (a 0 A) o A. 

A linear map / : (C, Ac, ac) —S’ (dl, As, as) is called a morphism of Hom-coassociative 
coalgebra if as o / = / o ac, £ 0 ° f = £c and As o / = (/ 0 /) o Ac- 

In what follows, we will always assume all Hom-algebras are unital and Hom-coalgebras 
are counital. 

A Hom-bialgebra is a quadruple {H, fi, A,a), where is a Horn-associative 

algebra and (H, A, a) is a Hom-coassociative coalgebra such that A and e are morphisms 
of Horn-associative algebra. 

A Hom-Hopf algebra {H, //, A, a) is a Hom-bialgebra H with a linear map S : H —>■ 
H (called antipode) such that 


S o a = a o S, 

S{hi)h2 = hiS{h2) = £ih)l, 
for any h £ H. For S we have the following properties: 

5(/i)i0 5(/i)2 = 5(/i2)0S(/ii), 

S{gh) = S{h)S{g), e o S = e. 

For any Hopf algebra H and any Hopf algebra endomorphism a of H, there exists a 
Hom-Hopf algebra Ha = {H, a o gAn, A o a,s, S,a). 

Let (A, oa) be a Horn-associative algebra, M a linear space and aM '■ M —M a 
linear map. A left A-module structure on (M, a^f) consists of a linear map A®M —)■ M, 
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a ® m ^ a ■ m, such that 


lA-m = auim), 

aM{a ■ rn) = aA{o) ■ otM{m), 

aA{a) ■ {b ■ m) = (ab) ■ aMi'm)-, 


for any a,b G A and m G M. 

Similarly we can define the right {A, a)-modules. Let (M, /r) and {N, v) be two left 
(A, a)-modules, then a linear map / : M —iV is a called left ^-module map if /(am) = 
af{m) for any a & A, m ^ M and f o ^ = u o f. 

Let {C,ac) be a Hom-coassociative coalgebra, M a linear space and ckm : M —> M 
a linear map. A right C-comodule structure on {M,aM) consists a linear map p : M —)• 
M such that 


{id^ec) o p = OM, 

{uM ® ac) o p = po UM, 

(p 0 ac) o p = [uM 0 A) o p. 

Let {M,p) and {N,v) be two right (C, 7 )-comodules, then a linear map g : M —A" is a 
called right C-comodule map \i g o p = v o g and pM o g = [g <^id) o pj^. 

Let {H, ph, AH,aH) be a Hom-bialgebra. A Horn-associative algebra {A, pajOa) is 
called a left Lf-module Hom-algebra if (A, oa) is a left Lf-module, with the action H (8) 
A —A, h ® a ^ h ■ a, such that 

Q;|^(/i) • (aft) = (hi • a)(/i2 • ft), 

h • 1 a = e(h)lA, 


for all ft. G Lft and a, ft G A. 

When A is a left ftft-module Hom-algebra, in 
defined as follows: 


20| the Hom-smash product A^H is 


{a#h){b#k) = a{aj/{hi) ■ a^^(ft))#a^^(ft 2 )A:, 


for all a,b € A and h,k ^ H. 
Recall from 


18l | that a Hom-coalgebra (C, 7 ) is Hom-comodule coalgebra if it is a left 


Hom-comdule over the Hom-bialgebra {H, a) and satisfies the following relation: 


a^(c(_i)) ® C(0)1 ® C(0)2 = Ci(_i)C2(_i) (8 Ci(o) <8 C2(0), 
e(c(_i))c(o) = e(c)l. 
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Then we have the Hom-smash coproduct {C x ^ a) with the comultiplication and 
counit 


A(c X/r) = Cl X 7 ^(c2(_i))a ^(c2(o)) x/12, 

e(c X h) = sc{c)£H{h). 

2 Horn-Crossed product 


In this section we will construct the crossed product on the Hom-Hopf algebra and 
prove that Horn-crossed product is equivalent to Hom-cleft extension. 

Definition 2.1. Let {H,a) be a Hom-Hopf algebra and {A, 13) a Hom-algebra. We say 
that H weakly acts on A from the left if there is a linear map, given by ■: H ® A ^ A, 
sueh that for all h & H and a,b G A 

/3{h ■ a) = a{h) ■ /3{a) 


and 

a^{h) ■ (ab) = {hi ■ a)(/i 2 ■ b), h ■ 1 = enih)!. 

Proposition 2.2. Let {H, a) be a Hom-Hopf algebra and {A, j3) a Hom-algebra. Assume 
that H weakly acts on A from the left, then {A^^H, 13 ® a) is a Hom-algebra under the 
following multiplication 

{a#h){bifg) = a[(a"^(/iii) • /3“^(6))cr(a"^(/ii2),a"^((/i))]#a"^(/i 2 ff 2 ), 
for all a,b G A and h,g G H, if and only if 

(1) A is a twisted Hom-H-module, that is, 1 ■ a = I3{a) for all a G A, and 

{hi ■ {a~^{li) ■ a))(j{a{h- 2 ),a{l 2 )) = a{a{hi),a{li)){a~^{h^h) ■ ld{a)), 
for all h,l G H. 

(2) a is normal, namely for all h G H , 

a{h, 1) = cj(l, h) = £H{h), a o {a® a) = j3 o a. 

(3) For all h,l,m G H, 

{hi ■ a{li,mi))a{a{h 2 ),l 2 'm 2 ) = (T{a{hi),a{li)))a{h 2 l 2 , a^{m)). 
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Proof. The direction (^) is a routine exercise and we only prove the other direction. For 
all a,b,c ^ A and h,g,l € H, 


[{a#h){bffg)]{/3{c)ffa{l)) 

={a[{a~^{hii) ■ /3-'^{b))cr{a~^{hi2), a~‘^{gi))]#a~^{h 2 g 2 )}Wic)#a{l)) 

={[Q!“^(a)(a“‘^(/iii) • /3~‘^{b))][a{a~^{hi2),a~‘^{gi)){a~^{h2ng2ii) ■ /5“^(c))]} 
a{a~^{h2i2g2i2), h)#or‘^{h22g22)l2 

{b))][{or^{hi2ii) • (a"®(5111) •/ 3 "^(c)))cr(a“'’(/ii 2 i 2 ),a"^( 5 ii 2 ))]} 
(j{a~^{hi22)or‘^{gi2),h)ffor^{h2g2)l2 

={[a~^{a){{a~^{hn) ■ j3~^{b)){a~^{hi2) ■ {a~'^{gin) ■ /3“^(c))))]cr(a“^(/i2ii), a“^(gii 2 ))} 

cr{a~^{h2i2)a~'^{gi2),li)ifa~^{h2g2)l2 

= [a{a~‘^{hi) ■ {/3~‘^{b){a~^{giu) •/3"^(c)))][cj(a“^(/i2ii), a"^(5ii2)) 

Cr{a~'^{h2i2)a~^{gi2),a~^ih))]#a~^ih2g2)l2 
= [a{a~^{hi) ■ {I3~‘^{b){a~'^{gi) ■ f3~^{c)))][a{a~^{h2u),a~^ig2ii)) 
cr(a“"^(/i2i2)a~"^(fl'2i2), a~^(^i))]#(a~^(h2)a~^(522))^2 
= [a{a~‘^{hi) ■ {I3~‘^{b){a~'^{gi) •/3"^(c)))][(a"^(/i2ii) • cr(a“'^(5r2ii), a"^(^ii))) 
cr(a"^(/i2i2),a“'^(ff2i2)a"^(^i2))]#(a"^(/i2)a"^(522))^2 
={a[(a-3(hi) • {p-Hb)ia-Hgi) • r"(c))))(a-'^(h2ii) • a(«-5(52ii), a-^(/ii)))]} 
cr(Q!“^(/l212), (5212)0”^(^12))#(a~^(h2)a~^(fl'22))^2 

={a[a-^ihu) ■ i{rHb){a-Hgi) ■ r\c)))a{a-Hg2ii),a-\lnm} 
a{a~^{hi2),a~^{g2i2)a~‘^ih2))#h2ia~‘^{g22)ct~^{l2)) 

=/3(a){[a-3(hn) • {irHb){a-\g,) ■ r\c)))a{a-\g2ii),a-\lum 
a{a~‘^{hi2),a~*{g2i2)o:~^{h2))}ifh2{a~'^{g22)a~^{l2)) 

=l3{a){[a~^{hn) ■ f3~‘^{ib{a~^{gii) ■ P~‘^{c))a{a~^{gi 2 ),a~^{h))))] 
cr{a~^{hi2),a~^{g2i)a~^{l2i))}#h2{a~'^{g22)a~‘^il22)) 

={l3{a)#a{h))[{b#g){cffl)] 

It is easy to see that 1#1 is the unit and {j3®a){{affh){bffg)) = {/3{a)ffa{h)){(3{b)ffa{g)). 
The proof is completed. 

□ 

Remark 2.3. The condition (3) is actually a generalized form of Horn-2-cocycle introduced 
in \lh . when taking A = k. 

Example 2.4. (1) Consider the case when a is trivial, that is, a{h,g) = eH{h)eH{g)^ for 
all h,g ^ H. Then the Horn-crossed product is reduced to Hom-smash product. 
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(2) Let H be a Hopf algebra, A an algebra and H weakly acts on A. Assume that a 
is a Hopf automorphism of H and ft is an algebra isomorphism of A. Then we have the 
Hom-Hopf algebra {Ha, a) and Hom-algebra (yly3,/3). Furthermore assume that ft{h ■ a) = 
a{h) ■ ft{a), then define the action h> a = a{h) ■ f{a), then Ha weakly acts on Ap. If 
AffaH is a crossed product and ao{a®a) = fioa, Aj^ff^Ha is a Horn-crossed product. 

(3) Let H 4 be a vector space with a basis {l,g,x,y}. Define the Hom-Hopf algebra 
structure on H 4 as follows: 

multiplication: 


H4 

1 

9 

X 

y 

1 

1 

9 

— X 

-y 

9 

9 

1 

-y 

— X 

X 

—X 

y 

0 

0 

y 

-y 

X 

0 

0 


comultipication, counit and antipode: 

A(l) = 1 (g) 1, A{g) = g<S>g, 

A(x) = (-x) (g) 5 + 1 (g) (-x), A(y) = (-y) 0 1+50 (-y), 
e(l) = ^( 9 ) = = 0 , £(y) = 0, 

<5(1^) = Iff, S(g) = g, S{x) = y, S{y) = -x. 

The automorphism a : H 4 ^ H 4 is given by 

ailff) = Iff, a{g) = g, a{x) = -x, a{y) = -y. 

Let k[a\ be the polynomial algebra with the indeterminant a and k[a\/{a‘^) be the quotient 
algebra. Consider the Hom-algebra {k[a\/{a?‘),id) and define the action of H 4 on k[a]/{a‘^) 
by 

h ■ 1 = £{h)l, 1-0 = 0 , g ■ a = a, x ■ a = 0 , y ■ a = 0 . 

For any t ^ k, define a linear map a : H 4 0 H 4 —> k\a]/{a?‘) by 


a 

1 

9 

X 

y 

1 

1 

1 

0 

0 

9 

1 

1 

0 

0 

X 

0 

0 

t 

2 

t 

2 

y 

0 

0 

t 

2 

t 

2 


Easy to see that a satisfies the conditions in Proposition 2.2. Thus we have a crossed 
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product k[a\/{a‘^)i^aH with the multiplication: 


• 

1#1 

1#<7 

l#x 

i#y 

a#l 

a#9 

affx 

a#y 


1#1 

1#<7 

-l#x 

-1#2/ 

a#l 

a#g 

—affx 

-a#y 

1#<7 

1#5 

1#1 

-i#y 

-l#x 

a#g 

a#l 

-a#y 

—ajfx 

l#x 

-l#x 

i#y 

0 

0 

—ajfx 

a#2/ 

-fa#l 

— ■^affg 

i#y 

-i#y 

l#x 

0 

0 

-a#y 

ajfx 

— 2 

|a#l 

a#l 

a#l 

«#5 

—ajfx 

-a#y 

0 

0 

0 

0 

a#g 

a#g 

a#l 

-a#y 

-a#y 

0 

0 

0 

0 

ajfx 

—affx 

a#y 

|a#l 

~2^^9 

0 

0 

0 

0 

a#y 

a#y 

ajfx 

2^^9 

-|a#l 

0 

0 

0 

0 


Lemma 2.5. Especially we have the following identities: 
(1) For all h,g,l G H, 


(i) h-a{g,l) = 

[a{a~^{hu),a~^{gii))(^{a~'^{hi2h2),a~‘^{li))](T~^{a~^{h2),a~‘^{g2l2)), 

{a) h-a~^{g,l) = 

(T{a~^{hi),a~'^{gili))[a~^{a~'^{h2ig2i),a~‘^{l2))(^~^io:~^{h22),o:~^i922))]- 


( 2 ) For all a,b ^ A and h,g € H, 

(i) (a#l)(ft#l) = ahifl, {lffh){lifg) = a{hi,gi)ffa-^{h2g2), 

(ii) = a-^{hi) ■ a#/i2, (a#l)(l#/i) = ( 3 {a)#a{h). 

Proof. Straightforward. □ 

Let (H, a) be a Hom-bialgebra and (M, /x) a right Hom-i7-comodule via p, then the 
coinvariant subcomodule = {m G M\p{m) = p{m) ® 1}. 

Definition 2.6. Let {H,a) be a Hom-bialgebra, {B,j 3 ) a right Hom-H-comodule algebra 
and A = . We say A C B is a cleft extension if there exists a right H-comodule map 

: H ^ B whieh is convolution invertible. 

Without generalization we can assume 7 ( 1 ) = 1 in what follows. 

Lemma 2.7. Assume that {B,f 3 ) is a right H-Horn-comodule algebra, via p : B ^ B ® 
H, b 6(0) <Xi 6(1), and that A C B is a H-eleft extension via 7. Then 

( 1 ) p o 7“^ = (7“^ (8) S') o r o A 

( 2 ) V) 7 "n&(i)) e A for any be B. 
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Proof. (1) Since p is an algebra map, p o 7 ^ is the inverse of p o 7 = (7 (g) id)A. Let 
A = ( 7 “^ (g S') o r o A. Then for any h £ H 

{{p 07 )* A)(/r) = [(7 (g id)A{hi)][{'y~^ (g 5) o r o A(/i 2 )] 

= [7(^11) ® hi2]['y~^{h22) <S> S{h2i)] 

= 7(^ii)7“^(^22) ® hi2S{h2i) 

= 7(a(/ii))7“^(/i22) <8) eH{h2i)l 
= 7(a(/ii))7“^(Q;(/r2)) (g 1 
= SH{h)l (g 1. 

Thus X = po 7 “^ by the uniqueness of inverses. 

(2) For any b ^ B 

Pib(0)7~^ihp)) = Piho))pi^~^ib(i))) 

= (^{o)(o) ® &(o)(i))(7 ^^(1)2) ^ 'S'(fe(i)i)) 

= ^(0)(0)7 H^{1)2) ^ ^{0)(l)'S'(&(l)l) 

= l3{b(o)h~^{b{i)2) £h(&(i)i )1 

= ^(^o))7“H«(^i))) ® 1 
= /3(V)7"^(^i))) ® 1- 

The proof is completed. □ 

Proposition 2.8. Let A G B be right H-cleft extension via j : H ^ B. Then there is a 
crossed product action of H on A given by 

h-a = ( 7 (a"^(/ri))/ 3 “^(a)) 7 “^(a"^(/i 2 )), 

and a convolution inverse map a ■. H ® H ^ A given by 

(y{h,g) = (7(a"^(/ii))7(a“^(c/i)))7"^(a“^(/i252))- 

Then we have the crossed product Aff^H. Moreover ^ : Aff^H —)■ B, affh l3~‘^{a)G{a~‘^{h)) 
is a Hom-algebra isomorphism. Moreover <f> is both a left A-module and right H-comodule 
map, where a ■ (bffh) = I3{a)bffa{h) and {affh)(Q-^ ® a~^{h 2 ). 

Proof. Define the linear map 'L : — )■ by 

be^ jd ^( 6 (o)(o )7 ^(^(o)(i)))#^(i)- 
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First of all we need to show h ■ a and a{h,g) belong to A for all a G A,h,g € H. Indeed 


p{h ■ a) = p{{j{a-‘^{hi))(3-\a))j-\a-\h2))) 

= [{j{a~‘^{hu)) (g) a"^(/ii2))(a ® l)](7“^(a“^(/i22)) ® S{a~^{h2i))) 

= (7(a“^(/iii))a)(7“^(a“^(/i22))) <Xi a~^{hi2)S{a~^{h2i)) 

= (7(a"^(/ii))a)/3(7"^(a“^(/r22))) (^e{h2i)l 
= (7(a"^(/ii))a)7“^(/r2) <8) 1 
= l3{h • a) (g) 1, 

Thus h ■ a G A, and easy to see H weakly acts on A. And 

p{o-{h,g)) = {pj{a~^{hi))p-f{a~^{gi)))p-f~^{a~^{h2g2)) 

= {f3~^ (g) a"^)[(7(/iii) (g) hi2))(7(5'ii) ® 512 )][ 7 "^(^ 22522 ) <g) S{h2ig2i)] 

= {(3~^ (g) a“^)[(7(^ii)7(5'ii))7“H^225'22) <g) (/ii25'i2)5'(/i2i5f2i)] 

= {(3~^ (g) a"^)[(7(a(/ri))7(a(5ri)))7“^(a(/r25'2)) ® 1 ] 

= /3{(^{h,g)) (g) 1. 

Hence a{h, g) G A. 

Next we show that and T are mutual inverses. First 

d>T(6) = ^>(/3“^(6(o){o)7"^(ft{o)(i)))#^i)) 

= /5"^fe(o)(o)7"n&(o)(i))^(“~^(^{i))) 

= /5"^(fe(o))[/3"^(7"H&{i)i))7(a“'^(ft{i)2))] 

= fe, 

and 

M/$(a#/i) = T(/3-'(a)7(a-'(h))) 

= /3“^[(a7(a"^(/rii)))7"^(a"^(/ri2))]#a“^(/i2) 

= /3“^[/?(a)(7(a"^(^ii))7"^(a"^(^i2)))]#a"^(/i2) 

= a#/i. 

Thus and T are mutual inverses. Moreover for all a,b G A and h,g G Hjhy a direct 
computation 

{a~‘^{hi) ■ f3~^{b))a{a~^{h2),a~^{g)) 

= ['l{(x~‘^{hi))f3~‘^{b)]['y{a~^{gi))y~^{a~^{h2g2))], (2.1) 
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then 


<h((a#h)(6#<7)) 

= /3"^{a[(a"'‘(hii) •/3"^(6))cr(a"^(hi2),a"^(5'i))]}7(a"^(^252)) 

^ = ^ /3“2{a[[^(Q,-4(/jii))/3-2(^)][^(Q,-4(^ll))^-l(^-5(;jl2^12))]]}^(^-3(/^25(2)) 

= /5"^{a[[(7(a"®(/iii))/3“^(&))7(a“^(5'ii))][7“^(a"^(^i25'i2))]]}7(a“^(M2)) 

= {/3“^(a)[(7(a“®(^ii))/5"^(&))7(a“^(5'ii))]}{7“^(a“^(/ii25'i2))7(a“"^(^25'2))} 

= /5"Ha)[(7(a"3(h))/3“3(6))7(a"2(5-))] 

= [/3-^(a)7(a-^(h))][r"(6)7(a-^(5))] 

= ^{a#h)Hb#g). 

Finally we need to check that <h is both a left ^-module and right Ff-comodule map. For 
all /i € FT and a,b £ A, 

$(a • b#h) = (/ 3 "^(a)/ 3 “ 2 ( 6 )) 7 (a“^(/i)) = a{f3~^{b)'y{a~'^{h))) = a ■ ^{b#h), 

and 

^>(a#h)(o) ( 8 ) ^>(a#h)(i) = /3“^( 0 ) 7 ( 0 ;“^(hi)) (g) a“^(h 2 ) 

= ^>(/3(a)#hi) (g) a“^(h2) 

= ^((a#^){ 0 )) ® (a#^){i)- 

The proof is completed. □ 

Proposition 2.9. Let j3<Sia) be a Hom-crossed product. Define the map 7 : iF —)■ 

y4#(jFF by 7 (h) = lfi^a{h). Then 7 is convolution invertible right H-comodule map. 

Proof. First of all for all h € iF, 7 o a = (/? (g) a) o 7 and 

7 (h)( 0 ) (g> 7 (h)i = l#Q!(hi) (g) h 2 = 7 (hi) (g> h 2 , 

which means that 7 is right FF-comodule map. 

Define a linear map A : FF —)■ by 

A(h) = cT-n5a"Hh2i),a-'(h22))#5(hi). 

Now we verify that A is the convolution inverse of 7 . 

For all h G FF, 

(A* 7 )(h) = (cr"^(5a"^(hi2i),a"^(hi22))#*S'(hii))(l#a(h2)) 

= cj“^(5a“^(hi2i), a“H^i22))cr(*S'a“^(hii2), h2i)#5a“^(hiii)h22 
= e(h2i)e(h22i)l#S'Q!(hi)a“^(h222) 

= e(h)l#l, 
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and 


( 7 * A)(/i) 

= (l#a(/ll))(fT"^(5a“^(/l22l),a“H^222))#5'(/l22)) 

= [a~‘^{hiii) ■ a~^{Sa~'^{h22i), a“^(/i222))]o-(a"^(/ii2), Sa~^{h2i2))#hi2Sa~^{h2ii) 

= [a~^{hii) ■ (T~^{Sa~‘^{h22i),a~‘^{h222))](y{hi2,S{h2i))#l 

= [a{a ^{hiii),a ^(S'(/i22i2)^222i))('7 ^(^ii2i)5'a ®(/i22ii2);a ^(^2222)) 

(T~^{a~^{hii22), Sa~^{h22iu)))](^{hi2,S{h2i))#l 
= [(T{a~‘^{hui),a~^{S{h222ii)h222i2))o-~^{a~'^{hii2i)Sa~'^{h22i2),a~^{h2222))] 
[(T~^{a~^{hu 22 ), Sa~^{h 22 ii))(^{a~^{hi 2 ), Sa~^{h 2 i))]#l 
=(7~^{a~‘^{hiu)Sa~^{h22i2),a~^{h222)) 

[(T~^{a~‘^{hu 2 ), Sa~^{h 22 ii))(^{a~^{hi 2 ), Sa~^{h 2 i))]#l 
=a ^{a ^{hii)Sa ^(/i2i2), ^22)£(^i2)£(^2ii) 

=(T~^{hiSa~^{h2i),h22)#'i- 

=e{h)m, 

where the fourth identity is obtained by using Lemma 2.5 (1). The proof is completed. 

□ 

Note that if a is trivial the crossed product is reduced to smash product A^H. 

Then 7 is invertible with 7 “^(h) = \^Sa{h). 

By the above two propositions, we have the following theorem directly: 

Theorem 2.10. If the extension A (I B is eleft if and only if B A^^^H. 

3 Hom-Hopf algebra structure on 


In this section we will give the necessary and sufficient conditions which make the 
Horn-crossed product a Hom-Hopf algebra. 

Definition 3.1. Let {A Xa- H, P 0 a) be a Horn-crossed product, then a is ealled a twisted 
eomodule cocycle if 

I3{ai) ® a"^(a2(_i))a((/) 0 02 ( 0 ) = aicr(a"^(a2(_i)i), c/i) (8> a"^(a2(-i)2)52 <X) 02 ( 0 ) (3.1) 
for all a ^ A and g £ H. 

Note that when a is trivial, the definition is natural. Then we give the main result of 
this section. 
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Proposition 3.2. Let {H,a) be a Hom-bialgebra and {A, (5) a Hom-algebra and Hom- 
coalgebra. Suppose that H weakly acts on A is A is a left H-Horn-comodule coalgebra with 
the comodule structure map p : A ^ H ® A. If /? (g) a) is a Horn-crossed product 

with a being a twisted comodule cocycle, and {A^^H, j3 ® a) is a Horn-smash coproduct, 
then the following conditions are equivalent: 

(1) {AjffjH,!! ® a) is a Hom-bialgebra. 

(2) The conditions: 


^i) £A is an Hom-algebra map, 

A 2 ) eA{h-a) = £H{h)£A{a), 

^ 3 ) a is a Hom-coalgebra map. 

A4) Aa(/i • a) = {a~‘^{hii) ■ ® ^2 • /?“n^2(o)); 

A5) ia~^{hi) ■ a)(_i)a(/i2) 18) {a~^{hi) ■ a)(o) = a(/iia(_i)) (g) /i2 • V), 

Ae) AA{ab) = ai[(a-'^(a2(_i)i)-/3“2(6i))(T(a-3(a2(_i)2),a"^(^2(-i)))]®/3“H«2(o)^2(o)); 
Aj) 0 -(/ii,ffi)(-i)(/i 252 ) ® o-(/ii,c/i)(0) = a{higi) ® a{a{h2),a{g2)), 

gig) Aa( 1) = lg)l, 

^9) Piab) = p{a)p{b), p{l) = 1 ® 1 . 


Proof. (1) ^ (2) follows from the similar calculations to those of 2^, Theorem 1]. So we 
need only to show ( 2 ) ^ ( 1 ). Assume ( 2 ) holds, then by Ai and A 2 e is a Hom-algebra map. 
By Ag and Ag, A(l#l) = l#l(g)l#l. In order to prove A((a(g)/i)( 6 ® 5 ()) = A (a® h) A ( 605 ), 
it is enough to verify the following relations: 


(z)A((a 0 1)(6 0 1 )) = A(a 0 1 )A (6 0 1 ), 
(n)A((a 0 1)(1 0 g)) = A(a 0 1 )A (1 0 g), 
(iii)A((l 0 /i)(6 0 1)) = A(1 0 h)A{b 0 1), 
(iu)A((l 0 h){l 0 g)) = A(1 0 h)A{l 0 g). 


In fact 

A(a 0 1)A(6 0 1) 

= [ai X a"^(a2(_i)) 0/3"^(02(0)) x Mih x ihi-i)) ^ ihio)) x 1] 

=ai[(a ^(a2(-i)ii) •/3 '^{bi))cr{a ^(a2(_i)i2), a ^(^2(-i)i))]#« ^(«2(-i)2&2(-i)2) 

<8)/3 ^(a2(o)^2(o))#l 

=oi[(a“'^(a2(_i)i) • P~‘^{bi))(j{a-^{a2(_i)2), a"^(&2(-i)))]#a"^(a2(o)(-i)ft2(o)(-i)) 

^(o2(0)(0)^2(0)(0))#1 

-{ab)iifa~^{{ab) 2 (-i)) 0 /3“^((a6)2(o))#l 
=A(o 6 #l), 
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and (i) is proved. 


A(a(8) 1)A(1 (g) 5 () =aicr(a ^(a 2 (_i)i), a ^{gii))#oi ^(a 2 (-i) 2 )a ^( 512 ) ® a2(o)#a(5'2) 

(3 1 ) 

= ^(ai)#a"^(a2(_i))5i ® a^(o)#oi{g2) 

=A((a#l)(l#5)), 

and {ii) is proved. 

A((l (g) /i)(6 (g) 1)) 

={a~^{hi) ■ 6)i#a“^((a“^(/ii) • 6)2(-i))a“^(/i2i) ® /3“^((a"^(/ii) • 6)2(o))#^22 
= (a"^(/iiii) • /3"n&i))o-(«"^(/^-ii2),a“^(&2(-i)))#a“^[(a"^(/ii2) '/3“^(&2(o)))(-i)«(^2i)] 
(g) (5-^{{a-^{hi2) ■ /3“^(&2(o)))(o))#^22 

=(a"^(/iii) • /3"H6i))<T(a“^(/ii2),a"^(62(-i)))#a“^[(a"^(^2ii) • /?"Hfe2(o)))(-i)^2i2] 

(g) /3"H(«"^(^21 i) • /3“^(fe2(0)))(0))#/i22 
= (a"^(/iii) • /3"H6i))cj(a“^(/ii2),a"^(62(-i)i))#a"^(/i2ii&2(-i)2) 

(g /3“H«~H^212) • &2(0))#^22 

=(a"^(/riii) • /3"^(6i))cr(a"^(/rii2), a"^( 62 (-i)i))#a"^(/ii 2 )a“^(& 2 (-i) 2 ) 

(g/3"^(/l21 • 62 ( 0 ))#/i 22 
=A(1 (g h)A{b g 1), 

and {iii) is proved. 

A(1 g /i)A(l g g) 

=(l#/ri)(l#5i)g(l#/i2)(l#i/2) 

=0-(^ll,5ll)#«"^(^12ffl2) ® Cr(/i21,ff2l)#a"^(^22522) 

=0-(^ll,5ll)#«"^(cr(/il2,5l2)(-l))a"^(/l2lff2l) ®/3“Ho-(/li2,(/l2)(0))#a”H^22522) 

=^A((l#/r)(l#5)), 

and (in) is proved. 

The proof is completed. 

□ 

Definition 3.3. Let {H,a) be a Hom-bialgebra, {A^j3) a Hom-algebra and a ■. H®H ^ A 
and S : H ^ H a linear map. S is called a a-antipode of H if 

(i) a o S = S o a, 

(ii) (cr g mH)AH^H{id g S)AH{h) = e_ff (/i)l g I, 
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(iii) {a (g) mH)^H®H{S <g id)IS.H{h) = eH{h)l 0 1. 

In this case H is called a a-Hom Hopf algebra. 

Example 3.4. Let {H, a) be a Hom-Hopf algebra. Consider the case when a is trivial, 
then we can regard Sh as a-antipode of H. 

Proposition 3.5. {AffuH, (5® a) be a Hom-bialgebra. If {H, a) is a a-Hom Hopf algebra 
with the a-antipode Sh and Sa G Hom{A,A) is a convolution invertible element of idA 
with f3 o Sa = Sa° f3. Then {A^f^H, /30 a) is a Hom-Hopf algebra with the antipode given 
by 

S{a#h) = {l#SH{a-Hai-i))a-\hmSA{f3-\a^o)))#l) 

Proof. Firstly for all o G ^ and h ^ H, 

5 o (/3 0 a){affh) = (/3 0 a) o S{affh). 


And 

5(ai#a“^(a2(_i))a"^(/ii))(/3"^(o2(o))#/i2) 

=(l#5//(a“2(ai(_i))(a“^(a2(_i))a“2(/ii))))[(5'A(/3“^(ai(o)))#l)(/3"^(a2(o))#a"H/i2))] 

= [l#5'//(a“^(ai(_i)a2(_i))a“^(/ii))][S'A(/3“^(ai(o)))/3“^(a2(o))#^2] 

= [l#5'//(a“^(a(_i))a“^(/ii))][S'A(/3“^(a(o)i))/3“^(a(o)2)#^2] 

=e(a) [IffSH (hi)] [l#/i2] 

=e(a)(T(5'//(/ii)i,/i2i)#a“^(S'H(/ii)2/i22) 

=e(a)e(/i)l#l. 

Similarly we can verify that (ai#a“^(a2(_i))a“^(/ii))S'(/3“^(a2(o))#^2) = s{a)s{h)lf^l. 
Hence S is the convolution inverse of id. 

The proof is completed. 

□ 

Corollary 3.6. With the above notations, if a is trivial, then we have the Radford biprod¬ 
uct {Ax H,j3 ® a). At this moment we call {H,A) is an admissible pair. 

Remark 3.7. In the usual Hopf algebra, Radford biproduct is associated to an Hopf algebra 
in the Yetter-Drinfeld category. However to our disappointment in the case of Hom-Hopf 
algebra, this conclusion does not hold unless o? = idn. 

Example 3.8. In the Example \2.4\ (3), consider the crossed product k^^H and taking 
t = 0, then k^cjH is a Hom-Hopf algebra with the coproduct Ah, antipode Sh and multi¬ 
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plication: 
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y 

-y 
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which is equal to the original multiplication. 

4 Lazy 2-cocycle 


In this section we will generalize the theory of lazy 2-cocycle to Hom-Hopf 
Recall from 


18l | that a left 2-cocycle on a Hom-bialgebra {H, a) is a linear map a : 


k satisfying 


algebras. 


fj o (a 0 a) = (T, 

a{li,ki)a{a‘^{h),l2k2) = cr{hi,li)a{h2l2,0('^{k)), 


for all h,k,l G H. 

fj is a right Horn-2-cocycle if 

fj o (a 0 a) = (T, 

a{a^{h),liki)a{l2,k2) = cr{hili,a‘^{k))a{h2,l2)- 
a is called normal if ct(1, h) = a{h, 1) = e{h). 

If a is normalized and convolution invertible, then cr is a left Hom-2-cocycle if and only 
if a~^ is a right Horn-2-cocycle. 

Given a linear map cr H ® H ^ k, define a new multiplication on H by 

h-a9 = cr{hi,gi)a.~^{h2g2)- 

Then is Horn-associative if and only if u is a left Horn-2-cocycle. If we define the 
multiplication by 

h a- g = or^{higi)(j{h2,g2)- 

Then is Horn-associative if and only if u is a right Hom-2-cocycle. 

A left Hom-2-cocycle cr is called lazy if for all h,g ^ H 

cr{hi,gi)h2g2 = higia{h2, 92 )- 
A lazy left Hom-2-cocycle is also a right Hom-2-cocycle. 
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Example 4 . 1 . Note that a defined in Example \ 2 . 4 \ ( 3 ) is a lazy 2 -cocycle on H4. 

Lemma 4 . 2 . Let j : H ^ k be a normalized and convolution invertible linear map such 
that 7 o a = 7, define D^{j) ■. H ® H ^ k by 

D^{'r){h,g) = 7(^i)7(£/i)7”H^252), 

for all h,g & H. Then D^{'y) is a normalized and convolution invertible left 2 -cocycle. 
Proof. This is an easy consequence of Proposition 2 . 8 . 

□ 


7 is lazy if for all h £ H, 7(hi)/i2 = hi'y{h2). 

The set of all normalized and convolution invertible linear maps j : H ^ k satisfying 
7 o a = 7 is denoted by Reg\{H), which is a group under convolution. 

Lemma 4 . 3 . The set of convolution invertible lazy Hom- 2 -cocycle denoted by is a 

group. 

Proof. Suppose that ai,a2 G and for all h,g,l E H, 

(cji * cr2)(s'i,^i)(c7i * cr2){a^{h),g2l2) 

=f^l{gilfill)f^2{gi2, ^12)o'l(a^(^l), 521 ^2l)o'2(a^ (^2), 522^22) 

= 0 'l(i 7 ll; ^ll)c’'l(a^(/ll), 5 ri 2 /l 2 )o' 2 (g 21 , ^ 2 l)o' 2 (a^(^ 2 ), 522 ^ 22 ) 

=cri{hii, gii)ai{hi2gi2, ofi{li))o'2{h2i, g2i)o'2{h22g22, a^ih)) 

= (cri * cr2)ihi,gi){ai * (T2)(/i2fl'2, a^( 0 )) 

thus (Ti * £72 is a left 2 -cocycle on H, and it is easy to see that cii * U2 is lazy. The proof is 
completed. 

□ 

Proposition 4 . 4 . : Reg\{H) —>• Zf^{H) is a group homomorphism, whose image 

denoted by is contained in the center of Z‘j^{H). Thus we call quotient group 

:=ZliH, a)/Bj^{H,a) the second lazy cohomology group of H. 

Proof. For all 71,72 E Reg\{H) and h,g £ H, 

*l2){h,g) =71 (^11)72(^12)71 (5ii)72(5'i2)72'^(^2i52i)7r^(^22522) 
= 7 l(/ll) 7 i(fl'i) 7 ]"^(/l 225 ' 22 ) 72 (/l 21 l) 72 (fl' 21 l) 72 '^(^ 2125212 ) 

=71 (^1 ) 7 i (5i)7r^ (^225'22)-D^ (72) (/121, 521 ) 

=l{hi )71 (51 )lfi^{h2ig2i)D^ (72) (/122,522) 

=71 (^11 ) 7 i (511 )7rH^i25i2)^H72) (/i2,52) 

= (D1(7i) * D^{-i2)){h,g), 
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and D^{£h) = £h ® £h- Thus is a group homomorphism. 

For all 7 G Reg\{H) and a G 

{a * D^{'-i)){h,g) =fT(/ii, c/i)7(/i2i)7(5'2i)7"H^225'22) 
=0-(/ii2,5i2)7(/i2)7(5'2)7"H^ii5'ii) 

=<y{h2i, 921)1 {h22)i{g22)T^{higi) 

=<y{h22,922)1 {h2i)i{g2i)i~^{higi) 

=l{hii)i{gii)i~^{hi2gi2)(r{h2,g2) 

= {D^{l) *a){h,g). 

The proof is completed. □ 

Lemma 4 . 5 . Let a : H ® H ^ k he a normalized and convolution invertible left (respec¬ 
tively right) Hom-2-coeycle, (respeetively aH) is right (respectively left) H-eomodule 
algebra via A. If a is lazy, as algebras and it will be denoted by H{a). Moreover 

H{a) is an H-hicomodule algebra. 

Proof. Straightforward. 

□ 


In the following lemma, we will list the formulae useful in out computation. 


Lemma 4 . 6 . (1) Let a be a normalized and eonvolution invertible left Hom-2-eocycle. 

For all h £ H 

(T{hu, S{hi 2 ))(T~^{S{h 2 i), h 22 ) = e{h), 

(4.1) 


a{S~^{hi2), hii)a~^{h22, S~^{h2i)) = e(/i), 

(4.2) 


crihu, gu)a{hi2gi2, S{a{h2g2))) 

= cr{9u, S{gi 2 ))cr{hii, S{hi 2 ))(T~^{S{g 2 ), S{h 2 )). 

(4.3) 

(2) If a is lazy, we 

have the following relations: 



a{hi,S{h2)) = a{S{hi),h2), 

(4.4) 


cr{S~^{h2),hi) = a~^{h2,S~^{hi)), 

(4.5) 


(r-\h2i,S-\hi2))h22S-Hhii) = a-\h2,S-\hi))l, 

(4.6) 


(r-\S-\h2i),hi2)S-\h22)hii = a-\S-\h2),hi)l, 

(4.7) 


a-\S{hi2),h2i)S{hn)h22 = a-HS{hi),h2)l, 

(4.8) 


a-\S{h2i),h22)S{hi) = a-\S{hn),hi2)S{h2), 

(4.9) 


a-\hi2,S{h2i))hnS{h22) = a-\hi,S{h2))l, 

(4.10) 


a-\S{hi2),h2i)h22S-\hn) = a-\S{hi),h2)l. 

(4.11) 
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Proof. For the proof we can refer to 11 


□ 


Proposition 4.7. Define the linear maps 5*1,52 : H ^ H by 

Si{h) = a-\S{h2i), h22)Sia-Hhi)), 

52 ( 1 ) = cT-\h22,S-\h2i))S-\a-\hi)). 

If a is lazy then 5i,52 : H{a~^) —^ H{a) are Hom-algebra anti-isomorphisms, and for all 

heH, 


Si{hi) -a I2 = e(l)l = li -(7 5i(/i2), (4.12) 

52(12) v li = e(l)l = I2 -(7 52(1i), (4.13) 

A(5i(l)) =5i(l2)®5(li), (4.14) 

A(52(1)) = 52(12) ® S-\hi). (4.15) 


Proof. Define a linear map (fa- '■ H{a) H(a ^) by 

(faih) = aihn,Sihi2))Sia-\h2)). 


Then by (4.2) and (4.3) we know S 2 and (fa are mutual inverses. If a is lazy, by (4.10) 
5i = (fa-'^- Hence 5i is invertible. Finally by (4.4) we obtain that 5i and S 2 are anti¬ 
isomorphisms. 

The rest of the proof is an easy exercise. 

□ 


Let {H, a) be a Hom-Hopf algebra. An Fl-bicomodule {A, fi) is both a left and right 
Fl-comodule with comodule structures A ^ A® H, a i-)- a(o) <8> a(i) and A ^ H ® A, 

«[_!] ® a^o] such that for all a € A, 

a(o[_i]) (g) a[o](o) ® a[o](i) = a(o)[-i] ® «(o)[o] ® «(a(i)). 

Recall from 0 that the diagonal crossed product H* M A is equal to H* (g A as vector 
space with the multiplication 

(p ex a)(g M 6) = p[(a“^(a[_i]) ^ ^ a"^(5“^(a[o](i)))] ex a"^(a[o](o))^ 

for all p,q € H* and a,b € A. 

Furthermore the space H* ex A becomes a D(FI)-bicomodule algebra with the following 
structures: 


H* ex A —>■ H* tx] A g D{H), p tx] o !->■ (p 2 tx a(o))(pi g a(i)), 
H* tx] A —>■ D{H) g H* cx A, p ex a i-)- (p 2 ex a[_i])(pi g ajoj). 
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Let cj:iL(8)iL—T'/cbea normalized and convolution invertible left lazy Horn-2-cocycle, 
then a : D{H) ® D{H) —)■ k given by 

a{p ®h,q®g)= p(l)g(5"^(a"^(/i22))a"^(h))cj(/i2i, a^((/)) 

is a normalized and convolution invertible lazy Horn-2-cocycle with the convolution inverse 

=p{l)q{S~^{a~'^{h2‘2))oi~^{h))a~^{h2i,a^{g)). 

Proposition 4.8. Let a : H 0 H ^ k be a normalized and convolution invertible left lazy 
Horn-2-cocycle. Consider the H-bicomodule algebra H{a). Then H* M H{a) = D{H){a) 
as D{H)-bicomodule algebras. Moreover d is unique with this property. 

Proof. For all h,g ^ H and p,q € H*, 

(p cx]/r)(g oa 5) 

=p[{a~^{hi) ^ a*^{q)) ^ a“^(5'“^(/i22))] ix a“^(h2i) v 9 

=p[{a~^{hi) a*'^{q)) ^ a"^(5’"^(/i22))] ix cr(a"^(h2ii),5'i)a“^(/i2i2)a"^(5'2) 

=p[ia~^{h2i)S~^{a~'^{hi22))cx~^{hii) ^ ^ a"^(5'"^(/i222))] 

cxi fT(a“^(hi2i),5'i)a“^(h22i)a“^(5'2) 

=p[(a“^(/i 2 i) ^ (5'“^(a“'^(/ii22))a“®(hii)) ^ a*^{q)) ^ a“^(5'“^(/i222))] 
cxi fT(a“^(hi2i),5'i)a“^(h22i)a“^(5'2) 

=92(5'"^(a"^(/ii22))a“^(hii))p[(a“"^(h2i) ^ a*^{qi)) ^ a"^(5’“^(h222))] 
cxi fT(a“^(hi2i),5'i)a“^(^22i)a“^(5'2) 
=Pi(l)92(5’“^(a“^(/ri22))a"^(hii))cr(a"^(hi2i),5fi) 
a*(p2)[(a"^(h2i) ^ ^ a“"^(5'"^(/i222))] t<i a“^(h22i)a"^(5'2) 

=Pi(l)92(5’“^(a“^(/ri22))a"^(hii))cr(a"^(hi2i),5fi) 
a*(p2)[(a“^(h2i) ^ ^ a“"^(5'“^(/i222))] c<i a“^(h22i)a“^(5'2) 

=d{p2<^ hi,q2'Si 92){a*{pi)‘S i a~^{h2)){a*{qi) a~^{g2)) 

= {pSh) -a {qSg)- 

Thus H* CXI H{a) and D{H){d) have the same multiplication as well as the D{H)- 
bicomodule structure. For the uniqueness of a, applying 1 (g) e to the above equation. 

The proof is completed. □ 

Lemma 4.9. Let {H,a) be a Hom-Hopf algebra, {B,j3) a left H-module algebra (with 
action h-b) and (21,7) a left H-comodule algebra (with coaction a 1-^ 0(_i) (8)a(o)j- Define 
multiplication on B S A by 

{b S a){b' S a') = 6(a“^(a(_i)) • j3~^{b')) S 7 “^(a(o))a', 
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for all b,b' ^ B and a, a' G A. Then {B ® A, (3 ® '^) is a Hom-algebra, which is denoted by 
B V. A. 

Proof. The proof is straightforward. 

□ 

Proposition 4 . 10 . Let {H,a) be a Hom-Hopf algebra, {B,j3) a left H-module algebra and 
{A,'y) a left H-eomodule algebra. Suppose that {H,B) is an admissible pair, then B k A 
becomes a left B x A-eomodule algebra, with eoaetion 

p -. B K A ^ {B X H)®{B v. A), bxa^ {bix q;“^( 62 (-i))«~^(«(-i)))® (/ 3 ~^(^ 2 (o)) «(o))) 

for all a £ A,b € B. 

Proof. Firstly for all a £ A,b £ B, 

((/3 (g) a) (8> p)p{b K a) 

={/3{bi) X a"^( 62 (_i))a(_i)) O (^"H&2(o)i) x «“^((&2(o)2(-i)))a"Ha(o)(-i))) 

® (/3 ^(^2(0)2) ® ®(o)(o)) 

= {/3{bi) X a ^(1)21(-1)&22(-1))o(-1)) <^ (/? ^(& 21 ( 0 )) X a ^(^22(0)(-l))® ^('2t(0)(-l))) 

® (/3 ^(^ 22 ( 0 )) ® ®( 0 )( 0 )) 

=(/3(6i) X a"^(62i(_i))(a"^(622(-i))a“^(«(-i)))) 

® (/5 ^(^21(0)) X a ^(^22(0)(-l))“ ^(®(0)(-l))) ® (/5 ^(^22(0)(0)) X a(0)(0)) 

= (611 X a"^(6i2(-i))(a"^(&2(-i)i)«"^(a(-i)i))) ® (/3“^(&i2(o)) x a"^(&2(-i)2)a"^(«(-i)2)) 
® (^2(0) X 7(0(0))) 

= (A (g) (/3 (g 'y))p{b X a), 
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and the counit is easy to check. Then for all a, a' & A and b,b' & B 


p{{b X a){b' K a')) 

=p(6(a“^(a(_i)) • x 7"^(a(o))a ) 

=(6(a-2(a(_i)))-r'(6'))i 

X a"2((6(a“2(a(_i))) • /3"^(60)2(-i))(a“^(a(o)(-i))a"^(a'_i)) 

/3“^((6(a“2(a(_i))) ./3-1(6'))2 (o)) x 7“^(a(o)(o))a(o) 

= 6 i(a"^( 62 (-i)) • (a"^(a(_i)ii) • /3"^(6i))) 

X a"^(a"^( 62 (o)(-i))(a"^(a(-i)i 2 ) ' {b' 2 )){-!)) 

(a"^(a(_i)2)a"^(a(_;^))) (8)/3“2(62(o)(o))/3“^((a"^(a(-i)i2) ' /3"H&2))(o)) x a(o)a(o) 

= 6 i(a"^( 62 (-i)) • (a"^(a(_i)ii) • /3"^(6i))) 

X [a“^(62(o)(-i))a"^((a“^(a(-i)i2) •/3“^(fe2))(-i)a(-i)2)]a(_i) 

«'/3"^(&2(o)(o))/?"n(«"^(a(-i)i2) •/3"^(fe2))(o)) X a(o)a(o) 

= 6 i(a" 2 ( 62 (-i)) • (a"^(a(-i)i) •/3"^(fe'i))) x a"^[ 62 (o)(-i)(a“^(a(-i) 2 i)ft 2 (-i))]a(-i) 

^(&2(o)(o))(a ^(a(-i)22) •/? ^(^2(0))) x a(o)a(o) 

= 6 i((a“^( 62 (-i)i)a"^(a(-i)i)) • /3“^(&i))) 

X [a ^(&2(-1)2)« ^(«(-1)2i)][“ ^(&2(-1))“ ^(®(-1))] 

«'/?"^(&2{0))(a"^(a(-i)22) •/3"^(^2 (o))) x «(o)a(o) 

= 6 i(a"^( 62 (-i)i)a"^(a(-i)i)) • /3"^(^'i))) 

X [a"3(62(-i)2)a"^(a(-i)2)][a"^(^2(-i))a"^(a(-i))] 

®/3"^(&2(o))(«"^(a(o)(-i)) • /3"^(&2 (o))) X 7"^(«(o)(o))a(o) 

=p{b X a)p{b' X a'). 

The proof is completed. 

□ 


Proposition 4 . 11 . Let {H,a) be a Hom-Hopf algebra, {B,I3) a Horn algebra and Horn 
eoalgebra, and {H,B) an admissible pair. Suppose that a be a normalized and convolution 
invertible right Hom-2-cocycle on H and eonsider the left H-comodule algebra H^^. Then 
the map a : {B x H) ® {B x H) —)■ k given by 

a{b X h,b' X h') = SB{b)eB{b')a{h, h'), 

is a normalized and eonvolution invertible right Hom-2-cocycle on B x H, and {B x H)^ = 
B X H„ as left B x H-comodule algebra. Moreover a is unique with this property. 
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Proof. For all b,b' ^ B and h, h' G H, 

(b X h) -a {b' X h') 

={r^ ® a-^){bi X a“^(62(_i))a“^(/ii))(/3"^ ® a-^)(6'i x a-"^{b'^^^_^^)a-^{h{)) 
^B{b2(0))£B{b2(^0))cr{h2,h'2) 

= {b X a~^{hi)){b' X a~^{h'i))a{h2,h2) 

=b{a~^{hii) ■ P~^{b')) X a~^{hi2)a~^{h[)a{h2,h2) 

=b{a~‘^{hi) ■ I3~^{b')) x a“^(/i 2 i)a~^(/ii)cr(a“^(/i 22 ), ^ 2 ) 

=b{a~‘^{hi) ■ I3~^{b') x a“^(/ii) -o- h' 

= {b X /i)(6' X h'), 

thus the multiplication in {B x H)a coincides with the one in S x which is associative, 
so d is a right 2-cocycle, and we have {B x H)a = -B x as algebras. Obviously they 
have the same left B x Ff-comodule structure, and easy to prove that a is normalized and 
convolution invertible with the inverse a~^{b x h,b' x h') = eB{b)eB{b')(T~^{h, h'). For the 
uniqueness of d, apply £b ® £h to both sides of 

(6 X h) -a {b' X h') = {hx h){b' x h'). 


The proof is completed. 

□ 

Definition 4 . 12 . Let {H,a) be a Hom-Hopf algebra and {A, (3) an H-bicomodule algebra 
with comodule structures A ^ A® H.,a ^ a<o> O «<!> o^nd A ^ H ® A.,a ^ a[_i] O a[o] • 
is called a left-right Yetter-Drinfeld module over {H,A,H) if M is a left A-module 
(action denoted by ■) and a right H-comodule (coaction denoted by m ^ m(o) such 

that 


/3(a<o>) • m(o) <8) a^(a<i>)a(m(i)) = (a[o] ■ m)(o) O (a[o] • m)(i)a^(a[_i]), 


(4.16) 


for all a (z A,h & H and m G M. The category of Yetter-Drinfeld modules is denoted by 
aYD{H)^. 


Remark 4 . 13 . Note that when A 
Drinfeld module introduced in l20iJ 


H this definition coincides with the Horn Yetter- 


Let now cr be a normalized and convolution invertible lazy Horn-2-cocycle on H. Con¬ 
sider the Ff-bimodule algebra H{a) and the associated category B(a)YD{H)^. For an 
object (M, g) in this category, the compatibility (I4.16D becomes 


a{hi) ■ m(o) <8) a^(/i2)a(m(i)) = (/12 • m)(o) (8) (/12 • (4.17) 
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which is the very compatible condition in the category hYD{H)^. It is easy to see that 
14.171 is equivalent to 


(/i • m)(o) ® (/i • m)(i) = a ^(/i 2 i) • ^(o) ® [a ^(/i 22 )a ^{hi). (4.18) 

Proposition 4 . 14 . Let a be a normalized and convolution invertible lazy Hom-2-cocycle 
on H. Let be a finite dimensional object in . Then 

(1) (M*, is an object in with the following structures: 

< h ■ f,m >=< f, Si{h) ■ > (4.19) 

/(0)("i)/{i) = /(Ai“^("^(o)))5’■Ha“^("i(l))), (4.20) 

for all h G H,m ^ M and f € M*. 

(2) {M*,{yL~^)*) is an object in D{H)^ with the following structures: 

< h - f,m>=< f,S 2 {h) ■ n~^{m) > (4.21) 

/{0)("i)/(i) = (4.22) 

for all h G H,m G M and f G M*. 

Proof. We only prove (1) and (2) could be proven similarly. First M* is a right 77-comodule 
with the structure (3.21), and since is an algebra anti-isomorphism M* is a left H{a~^)- 
module. We only need to verify the compatible condition. For all h G H,m G M and 
fGM*, 

{a{hi) ■ /)(o))a^(/i2)a(/(i)) 

=/(0)(5'ia(^i)) • h~‘^{m))Q^{h2)a{fii)) 

=f{T~‘^{Sia{hi) ■ /i"^(m))(o)))a2(/i2)5'"Ha"H(5'ia(/ii) • //■^(m))(i))) 
=/(/r"2(a“^((S’ia(/ii))2i) • ^"^(^(0)))) 
a^{h2)S~^{a~^{{Sia{hi))22)a~'^{m^i)))S~^a~^{{{Sia{hi))i)) 

^^=^f{Sa~^{hn2) ■ ^■^(m(o)))a^(/i2)5'"^((S’a“^(/iiii))a"^(m(i)))5"^(S’i(/ii2)) 
=fiSa~‘^{hu2) ■ ^"^( 771 ( 0 ))) 

(T"^(5(/ii22i),/ii222)(a(/i2)a“^(/ii2i))[5'"^(Q;"^(m(i)))a"^(/iiii)] 

=f{Sa~^{hi2) ■ /i“"^(m(o)))cr"^(S’(/l212), /i22i)a"^(/i222/i2ii)[5'"n«"^("^'(i)))^ii] 

^^=^f{Sa~^{hi2) ■ /i“'^(m(o)))fT“^(S’(/i2i),/i22)[5’“^(a“^(m(i)))Q!(/iii)] 

=(^2 • f)(o)im)ih2 ■ f)(i)a^ihi) 

□ 

Remark 4 . 15 . In the above proposition, when a is trivial, M G hYD{H)^ and these 
are the usual left and right duals of M in hYD{H)^ . 
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